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L.K. Hoevenaars∗
Abstract
We give a short review of Frobenius manifolds and algebraic integrability and study their
intersection. The simplest case is the relation between the Frobenius manifold of simple singu-
larities, which is almost dual to the integrable open Toda chain. New types of manifolds called
extra special Ka¨hler and special F -manifolds are introduced which capture the intersection.
Introduction
In the beginning of the ’90s B. Dubrovin formalized the concept of a family of 2-dimensional
topological field theories in terms of differential geometry. He showed that there is a 1-1 corre-
spondence between such families and what he called Frobenius manifolds. The essential features
of a Frobenius manifold are an associative commutative multiplication on each tangent space
and a flat metric which is compatible with the multiplication. Furthermore there is a potential-
ity condition which allows one to express the structure constants of the multiplication in terms
of a single function called the prepotential. The associativity of the multiplication is equivalent
to a set of third order nonlinear partial differential equations satisfied by the prepotential called
the Witten-Dijkgraaf-Verlinde-Verlinde (or WDVV) equations. Dubrovin’s achievements can
be interpreted as constructing a geometrization of these equations in coordinate independent
terms.
Frobenius manifolds have emerged in a wide range of contexts, e.g. singularity theory,
quantum cohomology and complex structure moduli spaces of Calabi-Yau varieties. Manin,
Hertling and others recognized that the concept of Frobenius manifold is too strict to capture a
number of interesting structures in mathematics and physics and various relaxations have been
introduced, the basic one being the concept of an F -manifold. By now a vast literature has
formed and more information can be found for example in the books [Man99], [HM04].
The present paper deals with the occurrence of a commutative associative multiplication
in the context of algebraic integrability, which is not covered in the standard literature on
Frobenius manifolds. The story begins with the seminal paper [SW94] by Seiberg and Witten
in which the quantum version of N = 2 supersymmetric Yang-Mills theory is solved. It had
been known before [dWLVP85] that such theories can be solved by identifying the correct special
Ka¨hler manifold, which is what Seiberg and Witten did in a particular case. Subsequently it
was realized in [DW96], [GKM+95], [Fre99] that special Ka¨hler manifolds and algebraically
completely integrable systems are essentially the same things, which allowed for the solution of
large classes of Yang-Mills theories by identifying the correct integrable system.
Like Frobenius manifolds, any algebraically integrable system can be captured in terms of
a single function again called the prepotential. It was quickly realized by Marshakov, Mironov
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and Morozov [MMM96] that in some examples the prepotential satisfies the Witten-Dijkgraaf-
Verlinde-Verlinde equations, thus making contact with the theory of Frobenius manifolds. This
raises a number of questions which remain largely unsolved: for what class of integrable systems
does this hold true? Can one find an appropriate coordinate free setting to cover this situation?
Is there a more direct relation between 2-dimensional topological field theories and 4-dimensional
Yang-Mills theories?
We will briefly comment on the current status of the first two of these questions. The study
of explicit examples of algebraically integrable systems [MMM96, MMM97, MMM00, MG99,
HKM01, MH03] has learned that the prepotential does indeed satisfy the WDVV equations for
the open Toda chain, the periodic Toda chain, relativistic Toda chain and various spin chains.
In a future paper, we will show that the Neumann system is another example. On the other
hand, it seems that it does not do so for systems of Calogero-Moser type [MMM00]. A reason
for this, or any general pattern whatsoever, is still unclear at the moment. The only case where
an explanation is given is the open Toda chain, which is related to the Frobenius manifold of
a simple singularity through Dubrovin’s concept of almost duality [Dub04]. Clarity could be
provided by finding an appropriate coordinate free characterization, i.e. a new type of manifold
(close to Frobenius manifolds) that captures the WDVV equations in the context of algebraically
integrable systems. Besides being a review, the present paper is an effort in that direction.
The organization of the paper is as follows: the first section contains an introduction to
Frobenius manifolds illustrated by examples associated with simple singularities. In section 2
we review the two related concepts of algebraic integrability and special Ka¨hler manifolds. The
relation is explained in section 2.3 and illustrated by the open Toda chain in section 2.4. The
final section contains a proposal for a new type of manifold, which we call a very special Ka¨hler
manifold, which we believe to be the appropriate one for studying associativity questions for
integrable systems. An even further specialization, which holds in the case of the open Toda
chain, is called a special F -manifold and is an F -manifold with compatible flat metric.
We denote the tangent bundle of any complex manifold B by TB, the holomorphic tangent
bundle by T B and the projection onto the holomorphic part by pi(1,0). The space of sections of
a vector bundle pi : E → B is denoted by Γ(B,E) or simply by Γ(E).
1 Frobenius manifolds
Since the work of Dubrovin (see e.g. [Dub96]), it has become clear that any family of 2-
dimensional Topological Field Theories is in one-to-one correspondence with a so-called Frobe-
nius manifold. Roughly speaking, a Frobenius manifold is endowed with a flat metric and
characterized by the presence of an associative commutative algebra structure on each tangent
space which satisfies certain compatibility and integrability properties. This type of manifold
has since appeared in many different contexts (e.g. singularity theory [Sai93, Dub96], quantum
cohomology [Man99], generalized deformations of complex structure [BK98] and integrable hi-
erarchies [Kon92, Kri97, vdLM99]) in many different guises. The literature on the subject is by
now so vast that even the very definition of a Frobenius manifold has become somewhat unclear,
since it is appropriate for the different contexts to drop some of the original requirements.
The most basic notion is that of an F -manifold due to Hertling [Her02]
Definition 1. An F -manifold (B, ∗, e) is an n-dimensional complex manifold B together with
a unital, associative, commutative multiplication ∗ : TbB × TbB → TbB for each holomorphic
tangent space and a global unit vector field e. Moreover the multiplication satisfies
LieX∗Y (∗) = X ∗ LieY (∗) + Y ∗ LieX(∗) (1)
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Here Lie is interpreted as a derivation on tensor fields in the usual way. Explicit calculation
shows that (1) is equivalent to
[X ∗ Y,Z ∗W ]− [X ∗ Y,Z] ∗W − [X ∗ Y,W ] ∗ Z −X ∗ [Y,Z ∗W ]− Y ∗ [X,Z ∗W ]+
X ∗ [Y,Z] ∗W +X ∗ [Y,W ] ∗ Z + Y ∗ [X,Z] ∗W + Y ∗ [X,W ] ∗ Z = 0 (2)
the left hand side of which is a 4-tensor. This fact allows one to check (2) in local coordinates.
Endowing the manifold with a metric, one would like to have appropriate interrelations with
the multiplication. One such relation is captured by the notion of a Frobenius algebra.
Definition 2. A Frobenius algebra (A, ∗, e, 〈., .〉) is an associative commutative unital algebra
A with multiplication ∗ and unit e, together with a symmetric nondegenerate bilinear form 〈., .〉
which is compatible with the multiplication:
〈X ∗ Y, Z〉 = 〈X,Y ∗ Z〉 (3)
In other words, the 3-form c(X,Y, Z) = 〈X,Y ∗ Z〉 is symmetric.
Definition 3. A Frobenius manifold (B, ∗, e, E, 〈., .〉) is an n-dimensional F -manifold with a
symmetric complex nondegenerate bilinear form 〈., .〉 (henceforth called the metric) which makes
each TbB into a Frobenius algebra. Denoting the Levi-Civita connection for the metric by ∇,
one has moreover the following requirements
1. The metric 〈., .〉 is flat
2. The unit vector field e is flat: ∇e = 0
3. ∇c is symmetric in all its (four) arguments
4. There is a vector field E and a number d such that
LieE(∗) = ∗
LieE 〈., .〉 = d 〈., .〉
Here c is as in definition 2 and ∇ and Lie act as derivations on tensors. The vector field E is
called the Euler vector field. Regardless of flatness of e, property 3 together with the Poincare´
lemma implies that there exists locally a single holomorphic function F such that
c (X,Y, Z) = (XY Z)F (4)
for any triple X,Y, Z of flat vector fields. Such a function F is called a prepotential, characterizes
the Frobenius manifold but is not unique: for example, any polynomial of degree 2 can be added
to it. Property 2 implies that one can choose the flat coordinates {tk} in such a way that e = ∂∂t1
and therefore
c(∂ti∂tj∂tk) =
∂3F (t1, . . . tn)
∂ti∂tj∂tk
(5)〈
∂ti , ∂tj
〉
=
〈
e ∗ ∂ti , ∂tj
〉
= c(e, ∂ti , ∂tj ) = ∂t1∂ti∂tjF (6)
Naturally, not just any function can occur as a prepotential
Lemma 1. A holomorphic function F (t1, ..., tn) locally characterizes a Frobenius manifold if
and only if it is quasihomogeneous and satisfies the following properties:
• The matrix [F1] is constant and nondegenerate, where [Fi] denotes the Hesse matrix of the
first order derivative ∂F∂ti .
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• F satisfies the Witten-Dijkgraaf-Verlinde-Verlinde differential equations (also called the
associativity equations)
[Fi][F1]−1[Fj ] = [Fj ][F1]−1[Fi] ∀i, j = 1, ..., n (7)
The quasihomogeneity takes care of the Euler vector field, the first property ensures flat-
ness and nondegeneracy of the metric and a constant unity and the second is equivalent to
associativity of the multiplication on the tangent space.
For future reference we also introduce the intersection form (., .), which is another flat metric
naturally associated to any Frobenius manifold.
Definition 4. The multiplication ∗ is also defined on the cotangent spaces via duality. The
intersection form (., .) is a bilinear form on the cotangent spaces given by
(ω1, ω2) = ιE (ω1 ∗ ω2) (8)
By abuse of notation, we denote also by (., .) the bilinear form on the tangent bundle.
By a result of Dubrovin, (., .) + λ 〈., .〉 form a flat pencil of metrics: this bilinear form is flat
for any parameter λ.
1.1 An example: Saito’s theory for simple singularities
Consider a simple singularity of ADE type, realized explicitly in terms of the zero level set
of the polynomial s(x1, x2, x3) as in table 1. It has unfoldings S(x1, x2, x3, b1, ..., bn) where n
denotes the rank of the Lie algebra of ADE type, and S(x1, x2, x3, 0, ..., 0) = s(x1, x2, x3). Any
unfolding defines a generalized Milnor fibration
{S(x1, x2, x3, b1, ..., bn) = 0} −→ B (9)
where B = Cn\∆ and ∆ (the discriminant) is the set of points b = (b1, . . . , bn) ∈ Cn for
which the fiber is singular. An important invariant under certain changes of coordinates of a
singularity is its Jacobi ring
J := C[x1, x2, x3]/(∂x1s, ∂x2s, ∂x3s) (10)
where the quotient is taken over the ideal spanned by the partial derivatives of s. An unfolding
is called semi-universal iff the Kodaira-Spencer type map
κ : Γ(T B) → J (11)
κ
(∑
k
Xk∂bk
)
=
∑
k
Xk
∂S
∂bk
(12)
is an isomorphism of vector spaces (the unfoldings in table 1 are of this type). This isomorphism
defines a natural multiplication on the holomorphic tangent spaces TbB via pull-back. For simple
singularities, the multiplication is unital and one can arrange the deformation to be such that
e = ∂b1 which maps under κ to the equivalence class of 1 in J . In other words,
∂S
∂b1
= 1. This
defines the multiplication of a Frobenius manifold structure on B.
Definition 5. The metric (complex bilinear symmetric 2-form) 〈., .〉 on B is defined by
〈X,Y 〉 :=
∫
∩3k=1|∂xkS|=
κ(X)κ(Y )dx1 ∧ dx2 ∧ dx3
∂x1S∂x2S∂x3S
(13)
where  is chosen small enough so that ∩3k=1 |∂xkS| =  defines a real three-cycle in C3 around
an isolated singularity of the integrand.
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g s(x1, x2, x3) S(x1, x2, x3, b)
An x
n+1
1 + x
2
2 + x
2
3 x
n+1
1 + x
2
2 + x
2
3 + bnx
n−1
1 + bn−1x
n−2
1 + · · ·+ b1
Dn x
n−1
2 − x21x2 + x23 xn−12 − x21x2 + x23 + bnx1 + bn−1xn−22 + bn−2xn−32 + · · ·+ b1
E6 x
4
1 + x
3
2 + x
2
3 x
4
1 + x
3
2 + x
2
3 + b6x
2
1x2 + b5x1x2 + b4x
2
1 + b3x2 + b2x1 + b1
E7 x
3
1x2 + x
3
2 + x
2
3 x
3
1x2 + x
3
2 + x
2
3 + b7x1x
3
2 + b6x1x
2
2 + b5x
2
2 + b4x1x2 + b3x2 + b2x1 + b1
E8 x
5
1 + x
3
2 + x
2
3 x
5
1 + x
3
2 + x
2
3 + b8x
3
1 + x2 + b7x
3
1 + b6x
2
1x2 + b5x1x2 + b4x
2
1 + b3x2 + b2x1 + b1
Table 1: Semi-universal unfoldings of the simple singularities.
Since S is a Morse function, ∩k{∂xkS = 0} consists of isolated points p1, . . . pn and the
sum over all finite such points is understood. The multivariable residue theorem (see e.g.
[GH94],[AY83]) states that the sum over all such points (including those at infinity) add up to
zero, and that the sum over the finite points equals
〈X,Y 〉 =
∑
pk
κ(X)(pk)κ(Y )(pk)
D2S(pk)
(14)
where D2S denotes the Hessian determinant of S. This gives two alternative methods for
calculating the metric: either using the finite points, or by calculating the residue at infinity.
It is easily seen that 〈., .〉 is compatible with the product structure of (10). In order to prove
that the metric and multiplication give B the structure of a Frobenius manifold, one still needs
the following properties:
• the metric is nondegenerate and flat
• ∇e = 0
• ∇c is symmetric
• there is an Euler vector field
General proofs are contained for example in [Sai93], [Dub98]. As a practical shortcut, we will
give the formulae for the flat coordinates and for c. One can then check explicitly that in the flat
coordinates, the metric becomes constant and nondegenerate. One also finds ∇e = ∇∂t1 = 0.
Since c( ∂∂ti ,
∂
∂tj
, ∂∂tk ) is polynomial, it can be easily integrated which both shows that ∇c is
symmetric and gives an explicit expression for the prepotential.
The flat coordinates are given by
tk = bk + Pk(bk+1, . . . , bn) (15)
The polynomials Pk can be found algorithmically as follows: assign degrees to the bk and to
x1, x2, x3 so as to make S quasihomogeneous. Equation (15) must respect the grading and Pk
consists of only a finite number of possible monomials. Requiring the metric to be constant in
the coordinates tk essentially fixes the coefficients of these monomials.
The formula for c is
c(X,Y, Z) =
∫
∩3k=1|∂xkS|=
XS Y S ZS dx1 ∧ dx2 ∧ dx3
∂x1S∂x2S∂x3S
(16)
which in the case of a type An singularity reduces to
c(X,Y, Z) =
∫
|∂xS˜|=
XS˜ Y S˜ ZS˜ dx
∂xS˜
(17)
where
S˜(x, b1, . . . , bn) = S(x1, 0, 0, b1. . . . , bn) (18)
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Explicit expressions for flat coordinates and prepotentials can be found in the literature [DVV91,
KTS92].
The Euler vector field is given by
E =
n∑
k=1
dn+1−ktk∂tk (19)
where dk are the degrees of the Lie algebra of the ADE singularity in increasing magnitude.
This Euler vector field assigns degree n+1−k to tk and the prepotential is a quasihomogeneous
polynomial with degree equal to the Coxeter number.
2 Algebraic integrability and special Ka¨hler geome-
try
It was observed by Marshakov, Mironov and Morozov [MMM00] that a structure similar to that
of a Frobenius manifold occurs on the base space of some algebraically integrable systems. For
any algebraically integrable system one can define a holomorphic function characterizing it and
for some systems this function satisfies the Witten-Dijkgraaf-Verlinde-Verlinde equations (7).
We will make this connection more precise in the next section, but first we review the twin
notions of algebraic integrability and special Ka¨hler geometry.
2.1 Algebraic integrability
In general, dynamical systems give rise to ordinary differential equations which are too difficult
to solve. Integrability is a property of dynamical systems which ensures that they are solvable,
in the sense that one can define so called action-angle variables by performing quadratures. The
action variables are conserved quantities and the angle variables move linearly with time. If they
move on a compact manifold a theorem by Liouville, improved by Arnol’d, sais that this manifold
is a torus (the Liouville torus). This torus depends on the values of the time-independent action
variables, which gives rise to a family of tori. Passing to complex dynamical systems (as opposed
to real ones), integrable systems often turn out to be algebraically integrable, meaning that the
Liouville tori are complex abelian varieties. We now recall the abstract notion of an algebraically
integrable system.
Definition 6. Consider a 2n complex dimensional symplectic manifold A with symplectic form
η ∈ H2,0(A,C) and an n complex dimensional manifold B. An algebraically integrable system
is a proper holomorphic map pi : A→ B such that
1. pi is lagrangian with respect to η.
2. The fibers are algebraic, i.e. ∀b ∈ B the fiber Ab is an abelian variety.
As recalled for example in [Fre99], one can replace locally1 the fibration pi with the fibration
T ∗B → B through a symplectomorphism. So the local data of the integrable system can be
captured purely in terms of geometric structures on the base B of the fibration. This structure
on B is called special Ka¨hler geometry and is the topic of section 2.3.
1The global obstructions were considered in [Dui80], but we will not consider them in this paper.
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2.2 Lax pairs and spectral curves
It often happens that the fibration of abelian varieties appearing in the definition of an al-
gebraically integrable system is given by the (Prym subvarieties of) Jacobians of a family of
algebraic curves. Such curves are called spectral curves and are usually given explicitly in terms
of a Lax pair with spectral parameter. Before turning to the specific example we have in mind,
we briefly review this common construction of algebraically integrable systems.
We will take a dynamical system to be a 2n complex dimensional symplectic manifold (A, η)
together with a function H ∈ C∞(A) called the Hamiltonian. Associated to the Hamiltonian is
a vector field XH implicitly defined by
ιXHη = dH (20)
In terms of Darboux coordinates (pi, qj) the symplectic form is expressed as
η =
n∑
k=1
dpk ∧ dqk (21)
The equations of motion associated with the time flow of the one-parameter group generated
by XH are given by Hamilton’s equations
dpk
dt
= XH(pk) = η(XH , Xpk) (22)
dqk
dt
= XH(qk) = η(XH , Xqk) (23)
Suppose the equations of motion are equivalent to a set of matrix equations
dL
dt
= [P,L] (24)
where P,L are matrices whose entries depend on the coordinates and momenta of the system
(and hence on time). Then it is easily seen that all the Tr(Lk) and therefore the spectrum
of L are time-independent. The maximum number of time-independent elements bi ∈ C∞(A)
which are in involution, i.e. η(Xbi , Xbj ) = 0, is n. In fortunate cases one can find this many
independent ones among the various Tr(Lk) which ensures that one is dealing with an integrable
system, the bi playing the role of action variables.
The matrices P,L in the above construction are called a Lax pair, and L the Lax matrix. If
it depends on an auxiliary2 parameter ζ ∈ C one can use the Lax matrix to construct a family
of spectral curves
Cb = {det [L(ζ, p, q)− x · id] = 0} (25)
The coefficients in x, ζ of this equation are time-independent functions fi(p, q) which can all be
expressed in terms of the bi. This defines a fibration of curves p˜i : C → B where B parametrizes
the time-independent functions bi but omits those for which the corresponding fiber Cb is more
singular than the generic fiber. It gets the structure of Cn\∆, where ∆ is a discriminant locus.
To see the definition of an algebraically integrable system in this construction, one notes that
often the dynamics can be seen to take place on the Jacobians of the curves, and pi : Jac(C)→ B
is the more relevant fibration. If the symplectic form on Jac(C) is given by an exact holomorphic
2-form η = dλ the integrable system is called of Seiberg-Witten type. Pulling back λ via the
Abel-Jacobi map one obtains a meromorphic 1-form on the family C whose restriction to the
2One need not restrict attention to just a complex parameter. Interesting examples occur with ζ a coordinate on
an algebraic curve [Hit87].
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fibers is closed, and whose derivatives with respect to the base variables (defined using the
Gauss-Manin connection) when restricted to the fibers are holomorphic. Such a 1-form is called
a Seiberg-Witten form.
This general picture, in which the Liouville tori are given by Jacobians of spectral curves,
must frequently be adapted when one looks at specific integrable systems. One of the more
common situations is the one in which the Jacobian is too big, and one needs to canonically
identify a suitable abelian (Prym) subvariety of the Jacobian of the right dimension. There is a
well-developed literature on this subject, see e.g. [AvM80, McD88, Don93]. On the other hand,
it can happen that the Jacobian is too small and the spectral curve singular. In that case it can
be more suitable to pass to the generalized Jacobian, see e.g. [Aud02] for a description for the
geodesic flow on SO(4). The open Toda chain, which is the subject of section 2.4, has a similar
description.
2.3 Special Ka¨hler manifolds
We introduce special Ka¨hler manifolds in a coordinate free setting, following Freed’s paper
[Fre99].
Definition 7. A special Ka¨hler manifold is a Ka¨hler manifold (B,ω, I) with almost complex
structure I and Ka¨hler form ω together with a flat torsion-free connection ∇ such that
• ∇ω = 0
• d∇I = 0
Note: Since not ∇I = 0 but rather d∇I = 0, the connection ∇ is not holomorphic, in
the sense that ∇XY is in general not a holomorphic vector field if X,Y are. The commutator
[X,Y ] however is holomorphic:
Lemma 2.
pi(1,0)[X,Y ] = [X,Y ] ∀X,Y ∈ Γ(T B) (26)
Proof. The torsion-freeness of the connection can be restated as
d∇id = 0 (27)
where id ∈ Γ(T ∗B ⊗ TB) is the identity mapping. Since I = id−
√−1pi(1,0)
2 one finds
d∇pi(1,0) = 0 (28)
whence (26) follows.
Following Freed, we introduce flat real Darboux3 coordinates {pi, qj} and special holomorphic
coordinates zi such that
∂
∂zi
=
1
2
 ∂
∂pi
−
∑
j
Tij
∂
∂qj
 (29)
One then shows from the definitions that Tij is the Hessian of a holomorphic function
Tij =
∂2F
∂zi∂zj
(30)
3w.r.t. the symplectic form ω
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and F(z) is called a prepotential4. The prepotential itself is not a canonical object. Its definition
depends on various choices, such as the choice of Darboux coordinates which is subject to the
action of an affine symplectic group acting on the vector (z1, ..., zn,F1, ...,Fn), consisting of the
holomorphic coordinates and the first order derivatives of F . The changes of F under such
transformations can be quite dramatic.
Besides the Ka¨hler form ω and the connection ∇, the canonical object associated with a
special Ka¨hler manifold is a holomorphic symmetric 3-tensor Ξ ∈ Sym3(T B).
Definition 8. There is a canonically defined global section Ξ ∈ Sym3(T B) on any special
Ka¨hler manifold, given by
Ξ(X,Y, Z) = ω(X, (∇pi(1,0))(Y, Z)) (31)
Since the Ka¨hler form is of type (1, 1) andX is holomorphic, the second argument (∇pi(1,0))(Y,Z) =
∇Y Z − pi(1,0) (∇Y Z) should be anti-holomorphic which it is. In terms of the local coordinates,
we have the following expressions
ω =
∑
i,j
Im
(
∂2F
∂zi∂zj
)
dzi ∧ dz¯j (32)
Ξ =
∑
i,j,k
∂3F
∂zi∂zj∂zk
dzi ⊗ dzj ⊗ dzk (33)
and so it is the second and third order derivatives of the prepotential which carry the intrinsic
information rather than the prepotential itself.
Now that both algebraic integrability and special Ka¨hler geometry are introduced, we quote
the theorem relating the two.
Theorem 1. [DW96, Fre99] Locally, the following data are equivalent
• An algebraically integrable system (pi : A→ B, η)
• A special Ka¨hler manifold (B,ω, I,∇) together with a flat, Lagrangian lattice Λ ⊂ T ∗B.
In the case of Seiberg-Witten type integrable systems the lattice is given by the period
integrals of the Seiberg-Witten 1-form around the cycles of the spectral curves. The periods
around A-cycles give the special Ka¨hler variables and the B-cycles provide the prepotential
zi =
∮
Ai
λ (34)
Fj(z) =
∮
Bj
λ (35)
2.4 Example: the An open Toda chain
The description of the open Toda chain in terms of an algebraically integrable system using
spectral curves is not entirely straightforward. The naive spectral curve obtained from a Lax
pair with spectral parameter is rational, but it is not quite the correct spectral curve. Probably
the most practical way to go about it is to view the open chain as a limit of the periodic (or
closed) Toda chain [BM01], which allows one to see that the spectral curve is really a singular
curve obtained by glueing together two rational curves in a number of points.
4Note that we have now introduced two seemingly completely different notions of prepotential – one for Frobenius
manifolds and one for special Ka¨hler manifolds. The origin of the name lies in physics, where both functions play
similar roles.
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One starts with a semi-simple Lie algebra g, its root system R and an irreducible represen-
tation ρ. The Lax pair P,L for the open Toda chain is given by
L = ρ
rank(g)∑
i=1
pihi + e(αi,q)eαi + fαi + ζeα0
 (36)
P = ρ
rank(g)∑
i=1
fαi
 (37)
Here the αi are a set of simple roots, α0 is the highest root and {hi, eαi , fαi} is a corresponding
Chevalley basis for g. For the Lie algebra of type An and the fundamental representation, the
spectral curve is of a particularly simple type{
ζ = S˜(x, b1(p, q), ..., bn(p, q)) =
n+1∏
k=1
(x− xk(b))
}
(38)
where S˜ coincides with the corresponding semi-universal deformation of the singularity of type
An as in table 1 and therefore
∑
k xk = 0. The correct way of looking at (38) however is to take
two copies of this affine rational curve and identify them in the n+ 1 points ck = (xk, ζk) ∈ Cp,q
where S˜(xk, b) = 0. The reason for this is that the An periodic Toda chain has spectral curve{
ζ +
µ
ζ
= S˜(x, b1(p, q), ..., bn(p, q))
}
(39)
which is a double cover of the x-plane. The open Toda chain is obtained in the limit µ → 0,
where the pairs of branch points given by solutions of
S˜(x) = ±2√µ (40)
come together to form singular points of the curve
Cb = lim
µ→0
{
ζ +
µ
ζ
= S˜(x, b1(p, q), ..., bn(p, q))
}
(41)
The homology of the curve is changed accordingly: the cycles of type δ survive to span the
homology of Cb and the cycles of type γ (the vanishing cycles) become trivial homologically (see
figure 1).
The Seiberg-Witten differential λ is given by
λ = x
dζ
ζ
=
xS˜xdx
S˜
(42)
which has singularities in the points5 c1, ..., cn+1. So although the γ cycles are trivial homologi-
cally, the integral of the Seiberg-Witten differential around them is nonzero. To give an idea of
the special Ka¨hler geometry thus constructed on B, we give an expression in local coordinates
for the Ka¨hler form ω. We choose γ, δ cycles with canonical intersection numbers as in figure
1. Then we introduce
zi =
∮
γi
λ = xi (43)
5Of course upon compactification in P2 one finds another singularity at [x, y, ζ] = [0, 0, 1] ∈ P2 which represents a
point of the curve at infinity. This pole is of order two and has residue
∑
k xk = 0.
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Figure 1: On the left hand side the hyperelliptic spectral curve for the A4 periodic Toda chain with
canonical cycles. There are two sheets corresponding to the two solutions ζ±(x) of (39). On the right
hand side the corresponding open Toda chain rational curve with cycles
as the special coordinates on B. Next, we introduce
Fj =
∮
δj
λ (44)
There is a subtlety in evaluating these integrals. On the spectral curves of the periodic Toda
chain (µ 6= 0) the Seiberg-Witten 1-form λ has no residues but on the rational curve this is no
longer true. Whereas it is allowed to switch between the two representatives − log(S˜)dx and
xS˜xdx
S of the cohomology class of λ for the periodic Toda chain, the two give different periods
when integrated on the rational curve of the open chain. The proper way to interpret (44) is
to evaluate the integrals over cycles on the periodic Toda curve and to take the limit [DP02].
There is a short-cut however, which uses xS˜xdxS for the γ-cycles as above and − log(S˜)dx to
evaluate the δ-periods directly on the rational curve.
Lemma 3. [MMM00] Integrating − log(S˜)dx over the non-compact δ-cycles defines (44). The
mixed derivatives Fij = ∂Fidzj are symmetric up to a constant, so there exists a holomorphic func-
tion F(z) such that ∂zkFij are its third order derivatives and define a special Ka¨hler structure
on B.
Our choice of cycles leads to the prepotential
F(z) = 1
2
∑
1≤i<j≤n
(zi − zj)2 log
(
e−
3
2 (zi − zj)
)
+
1
2
∑
1≤k≤n
z2k log(zk) (45)
We stress once more that the prepotential itself is not canonical. It depends on the choice of
cycles and is therefore subject to transformations under the symplectic group. The Ka¨hler form
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(32) however is canonical, in the sense that it is invariant. A choice of cycles γi, δi is suitable as
long as the corresponding local expression for ω leads to a positive metric. If not, a symplectic
change of cycles is in order.
To complete the special Ka¨hler geometry of the open Toda chain we mention that the connec-
tion ∇ is given by the Gauss-Manin connection of the family C → B, which acts as a covariant
derivative on the relative cohomology bundles. An interesting feature of the prepotential of the
open Toda chain of type An, whose desription is so close to the simple singularity of type An, is
that a residue formula similar to (17) exists. As shown in [MMM00], for any flat X,Y, Z ∈ Γ(TB)
XY ZF =
∑
x=∞
res
[
∇Xλ⊗∇Y λ⊗∇Zλ
dx⊗ dzz
]
=
∑
∂xS˜(x)=0
res
[
X log S˜ Y log S˜ Z log S˜ dx
∂x log S˜
]
(46)
where the residues are taken on the rational curve (38). The difference with this residue formula
and the one given in (17) is that the coordinates on B are chosen differently and that there is
an extra factor S˜2 in the denominator in (46).
3 Extra special Ka¨hler manifolds
We have defined a Frobenius manifold for the simple singularity of type An and a special Ka¨hler
manifold for the open Toda chain of type An, both from the same basic manifold B = Cn\∆.
These two structures are similar in the sense that they are both expressed locally through
holomorphic prepotentials which satisfy residue formulae (17) and (46). In this section we
review the explanation of these similarities as given by Dubrovin from the Frobenius manifold
point of view, and we introduce what we call extra special Ka¨hler manifolds to address this
issue from the special Ka¨hler point of view. We will identify the position of extra special Ka¨hler
manifolds in the range between F -manifolds (little structure) and Frobenius manifolds (a lot of
structure).
3.1 Dubrovin’s almost duality
On a Frobenius manifold two flat metrics are naturally defined: the metric 〈., .〉 and the intersec-
tion form (., .) of section 1. Their Levi-Civita connections are part of a flat pencil of connections
and indeed the two metrics play very similar roles on the Frobenius manifold. Indeed, one might
ask whether a Frobenius manifold structure can be defined using (., .). Dubrovin [Dub04] showed
that this is almost the case.
Given any commutative unital algebra (A, ∗e, e) with multiplication ∗e and unit e, together
with an invertible element E ∈ A, one defines a new algebra (A, ∗E , E) by
a ∗E b = (a ∗e b) ∗e E−1 (47)
This algebra is called a rescaling of the original algebra. E is the unit of the new algebra, and
∗E is associative if and only if ∗e is.
Definition 9. An almost Frobenius manifold (B, ∗E , E, e, (., .)) of degree d 6= 1 is a manifold
with a Frobenius algebra structure (TbB, ∗E , E, (., .))) on each tangent space and
• The metric (., .) is flat
• Defining C(X,Y, Z) = (X ∗E Y, Z) one requires that ∇C is symmetric in all its (four)
arguments
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In terms of flat coordinates zk there exists a prepotential F(z) which satisfies the homogeneity
condition ∑
k
zk
∂F
∂zk
= 2F + 1
1− d(z, z) (48)
Moreover, there exists a special vector field e such that z˜ → ez˜ acts by shifts ν → ν − 1 on the
solutions of
∂zi∂zj z˜ = ν
∑
k
Ckij∂zk z˜ (49)
where Ckij are the structure constants of the Frobenius algebra.
Theorem 2 (DUBR:2004). Given a Frobenius manifold (B, ∗e, e, E, 〈., .〉) the intersection form
is compatible with the rescaled multiplication ∗E. The manifold (B, ∗E , E, e, (., .)) defines an
almost Frobenius manifold structure. In the case of a simple singularity, the flat coordinates
zk coincide with the special coordinates of the open Toda chain and the dual prepotential F
coincides with the special Ka¨hler prepotential.
3.2 Extra special Ka¨hler manifolds and special F -manifolds
For the Frobenius manifolds defined on the unfolding space of simple singularities, the almost
dual manifolds coincide with the special Ka¨hler structure of the open Toda chain. In particular,
this means that the prepotential (45) satisfies a version of the WDVV equations (7): if we
denote by FE the matrix of third order derivatives of F given by
[FE ]ij =
∑
k
zk
∂3F
∂zi∂zj∂zk
(50)
then the WDVV equations become
FiF−1E Fj = FjF−1E Fi ∀i, j = 1, . . . , n (51)
That F satisfies these equations can be proven directly using the associativity of ∗E together
with the residue formula (46).
There are other special Ka¨hler manifolds, which are not the almost dual of a Frobenius
manifold, for which this is also true. Among these is the periodic Toda chain, for which the
equivalent of the metric (., .) is not flat. On the one hand such manifolds are weaker than almost
Frobenius manifolds, on the other they carry more structure because they are also special Ka¨hler.
We approach this issue from the special Ka¨hler side and introduce what we call extra special
Ka¨hler manifolds.
Definition 10. For any special Ka¨hler manifold B and an element V ∈ Γ(T B) we define a
holomorphic symmetric 2-tensor (., .)V given by
(X,Y )V = Ξ(V,X, Y ) (52)
If F is homogeneous of degree 2, there is no choice of V that makes the metric nondegenerate.
We will exclude such cases and assume from now on that the metric is nondegenerate. One
defines the curvature of a holomorphic symmetric nondegenerate 2-tensor from its dependence
of holomorphic coordinates, and as such the metric (., .)V is in general not flat.
Definition 11. For any special Ka¨hler manifold B and an element V ∈ Γ(T B) we define a
commutative unital multiplication ∗V on each holomorphic tangent space TbB, varying smoothly
with the point b ∈ B, by the following formula
(X,Y ∗V Z)V = Ξ(X,Y, Z) (53)
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where the right hand side is independent of V . Nondegeneracy of (., .)V ensures that ∗V is
well-defined, ∗V is unital with unit V , and ∗V and (., .)V are compatible.
The following lemma clarifies the role of the arbitrary V somewhat.
Lemma 4. Different choices of V correspond to rescalings of the algebra. In particular, whether
or not the algebra is associative is independent of the choice. Nondegeneracy and flatness of
(., .)V may depend on it.
In the case of the open Toda chain, the choice V =
∑
k zk∂zk leads to the intersection form
of the corresponding simple singularity.
We are interested in associative multiplications. From the definition of a special Ka¨hler
manifold one finds that it is locally completely specified by any holomorphic prepotential F(z)
whose second order derivatives give rise to a positive definite metric through the Ka¨hler form
(32). Associativity is the condition that F satisfy the WDVV equations, which is a highly
nontrivial requirement that is certainly not met for an arbitrary integrable system. Nevertheless,
many integrable systems have already been identified that do have an associative multiplication,
see e.g. [MMM00, MH03, BMMM, Hoe].
Definition 12. Given a special Ka¨hler manifold (B,ω, I,∇) and a choice of V we define the
metric (., .)V and multiplication ∗V as above. If (., .)V is nondegenerate and ∗V is associative we
call the manifold extra special Ka¨hler. Note that this defines a Frobenius algebra structure on
each of the holomorphic tangent spaces, varying smoothly with the point. These manifolds also
have a potentiality property in the sense that there exist special coordinates zk and the special
Ka¨hler prepotential F(z) in terms of which
(∂zi , ∂zj ∗V ∂zk)V =
∂3F
∂zi∂zj∂zk
(54)
The prepotential satisfies the WDVV equations (51) with E replaced by V .
We will now make an attempt to place these manifolds amongst the various types of man-
ifolds possessing multiplication on the tangent bundle, such as F -manifolds, F -manifolds with
compatible flat structure, weak Frobenius manifolds, almost Frobenius manifolds and Frobe-
nius manifolds. The original notion of course is that of Frobenius manifold, which has the most
structure and was subsequently weakened for example by Manin and Hertling [HM99] to fit a
more general context. It is not straightforward to place our manifold amongst them, mainly
because the special Ka¨hler connection ∇ is real from the outset. All connections occurring in
the range from F -manifolds to Frobenius manifolds are complex, which makes for a difficult
comparison.
Theorem 3. If there exists a choice of V such that (., .)V is constant in the special coordinates,
then the extra special Ka¨hler manifold is an F-manifold with compatible flat metric. In Manin’s
terminology [Man99] this is a Frobenius manifold. In Dubrovin’s terminology, what is missing
is flatness of the identity and an Euler vector field. Since we are dealing with special Ka¨hler
manifolds that have this property, we will call them special F -manifolds.
Proof. We check (2) in the special coordinates, using X,Y, Z,W = ∂i, ∂j , ∂l, ∂m. The structure
constants and F are related by
Ci = FiF−1V (55)
where Ci is a matrix whose entries are the structure constants Ckij . Since (., .)V is constant in
the special coordinates, so is FV . Using ∂iCj = ∂jCi and the WDVV equations CiCj = CjCi
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repeatedly, one finds that the left hand side of (2) amounts to
[Ci∂lCm + (∂lCi)Cm + (∂mCi)Cl]jn − [Cl∂iCj + (∂jCl)Ci + (∂iCl)Cj ]mn = (56)
∂l [CiCm]jn + [(∂iCm)Cl]jn − ∂i [ClCj ]mn − [(∂lCj)Ci]mn = (57)
∂l [CiCm − CmCi]jn + ∂i [CjCl − ClCj ]mn + [Cj∂lCi]mn − [Cm∂iCl]jn = 0 (58)
We now use theorem 2 in [HM99], which states that F -manifolds with compatible flat metric
are Frobenius manifolds in the sense of Manin [Man99].
4 Conclusions and outlook
We have given a short review on Frobenius manifolds and algebraic integrability, focusing on the
overlap between these topics. From the Frobenius manifold point of view, almost duality assigns
to the Frobenius manifold of a simple singularity an almost Frobenius manifold associated
with the open Toda chain. In this paper we have defined a multiplication and compatible
metric for any integrable system. Potentiality is ensured by the special Ka¨hler structure but
associativity of the multiplication and nondegeneracy and/or flatness of the metric are not. If
we are dealing with a nondegenerate metric and an associative multiplication we we call this an
extra special Ka¨hler manifold. If moreover the metric is flat we call it a special F -manifold. This
is a Frobenius manifold in the terminology of Manin [Man99] together with a special Ka¨hler
structure.
On the one hand one cannot expect an arbitrary Frobenius manifold to be special Ka¨hler,
since the requirement that the Ka¨hler metric constructed from the prepotential be positive
definite is nontrivial6. On the other hand we have argued that an arbitrary special Ka¨hler
manifold is no Frobenius manifold since the WDVV equations are nontrivial, and one may
wonder how large the intersection is precisely. The examples of extra special Ka¨hler manifolds
found thus far come from Seiberg-Witten theory and include various versions of Toda chains and
spin chains. It is also known that the Neumann system, which is not related to Seiberg-Witten
theory, is very special Ka¨hler [Hoe]. Based on this observation, on the relation between systems
of Toda & Neumann type and Hitchin systems and on the residue formula found recently for
Hitchin systems [Bal06], we conjecture that all Hitchin systems are very special Ka¨hler. The
most natural place to observe the F -manifold structure should be on the moduli space of certain
(non-compact) Calabi-Yau varieties, which are related to Seiberg-Witten integrable systems on
the one hand by geometric engineering (see e.g. [KLM+96, LW98]), and to Hitchin systems
on the other as suggested in the recent paper [DDD+06]. The direct relation between Hitchin
systems and Seiberg-Witten theory was observed in [DW96].
6We are concerned with global issues here. Since positive definiteness is an open condition it may be possible to
define a germ of a special Ka¨hler manifold.
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